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Abstract

For a monads on a category?” whose Kleisli category is a quantaloid, we introduce théamot

of modularity, in such a way that morphisms in the Kleislieggdry may be regarded a&
(bi)modules € profunctors, distributors), for some quantde The assignmers —— V is
shown to belong to a global adjunction which, in the oppaditection, associates with every
(commutative, unital) quantalé the prototypical example of a modular monad, namely the
presheaf monad oX- Cat, the category of (smally-categories. We discuss in particular the
guestion whether the Hausdibmonad orivV- Cat is modular.
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1. Introduction

For a monadS on a category’#”, a morphism in the Kleisli category @& is given by a
morphism of type¥ —— S Xin .#". As the carrier of the free Eilenberg-Moore algebra ax¥er
naturallyS X carries additional structure which may be inherited by #lewvant hom-set of the
Kleisli category. For example, whéhis the power-set monad @et, so thatS X= PXis the free
sup-lattice over the set, the Kleisli category is the (dual of the) category of setd exations
and, hence, a quantaloid, i.e $Sap-enriched category. Less trivially, and more generallgirtg
presheaves over a (small) categofydefines a mona® on Cat whose Kleisli category is the
(bi)category of categories and bimodulegafofunctors, distributors), the rich structure of which
is a fundamental tool for a substantial body of categorieakarch. We refer the reader in
particular to [12], [6], [5] and [4], and the extensive listireferences in these papers which point
the reader also to the origins of a theme that seems to haregted researchers for some forty
years. Some of these papers consider the presheaf monaslénriched context (see [8]), i.e.,
for V- Cat, whereV is a symmetric monoidal-closed category (rather than thssitaV = Sef),
or even a hicategory (see [10], for example). The more maatdgecase when the bicategory
is just a quantaloid has been considered by Stubbe [13] whibiéxthe passage froivi to the
category ofV-bimodules as a morphism of quantaloids.

*Partial financial assistance by NSERC and the hospitalith@Max Planck Institute for Mathematics in Bonn are
gratefully acknowledged.
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In this paper we consider the further simplified case wtéda a quantale, i.e., a one-object
guantaloid which, based on Lawvere’s treatment of metracep [9] and Barr's presentation of
topological spaces [2], has been used to set up a commorxd$gntarious categories of interest
in analysis and topology; see, for example, [3], [11], [ZY] Specifically, with (the dual of) the
Kleisli category of the presheaf mon&dbn V- Cat describing precisely the quantaloid Mod
of V-categories antf-modules, we ask ourselves the question when the morphifting Kleisli
category of an arbitrary mona8l on a category may be treated \dsmodules, for some quan-
taleV. To this end we introduce the notion ofreodular monadn an abstract category” which
asks its Kleisli category to be a quantaloid (and, hencegcat@gory) in which# -morphisms
have adjoints. By means of a distinguished “unital” objedt .”#" one may then associate with
the monadS a quantale/ and establish a fully faithful “comparison functor” frometiidual of
the) Kleisli category toV-Mod. With some natural restrictions on both the objects and mor-
phisms, this fully faithful functor plays the role of a unitan adjunction between a (very large)
category of modular monads and the category of (commutatiital) quantales, the counits of
which are isomorphisms. In other words, assigning to e¥etie presheaf monad o Cat
defines, up to categorical equivalence, a full reflective etding of the category of quantales
into a category of modular monads. In setting up this catggmme care must be given to the
definition of its morphisms since the assignmedits— V andV —— P behave surprisingly
crudely with respect to the natural 2-categorical struetwof these categories. We have therefore
used 2-cells only to the minimal extent necessary to answeoiiginal question.

The paper is written in a largely self-contained style; éréfore recalls some known facts,
giving suficient details in particular on our prototypical example omadular monad, the
presheaf monad oW- Cat (Section 2). Having already set up a “modular terminologyt’ f
the dual of the Kleisli category of a modular monad in thatadtictory section, in Section 3
we prove the comparison theorem with the modules of adtuzadtegories, for some suitable
Section 4 contains a detailed discussion of the questionhiohnextent the Hausdfirmonad
(see [1]) is modular. Finally, global correspondences ketwquantales and modular monads
are established in Sections 5 and 6, first in terms of fundtasare partially (pseudo-)inverse
to each other, and then in terms of the somewhat suprisinghatipn that exhibits the ordinary
category of quantales as a very substantial part of a vegg lanvironment of (certain) modular
monads.

2. Modular monads

LetS = (S, &,v) be amonad on a categary . We denote the opposite of the Kleisli category
of S by
S-Mod.

Hence, its objects are the objects.#f, and a morphisnp: X ——= Y, also calledS -module
from X to VY, is given by a#-morphismy: Y — S X composition withy: Y —= Z is
defined by

Yo = vy Spy,
and I := g, : X —= Xis the identity morphism oiX in S-Mod. Extending this notation, one

has the right-adjoint functor
(-)*: #°° —= S-Mod
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which senddf : X —Yin % to f* ;= &,-f: Y —= Xin S-Mod. We denote its left adjoint

by .
(-): S-Mod ——= %P,

sendingX to S Xandy: X ——=Y to ¢ := v,-Sp: SY——= S Xin .¢". The adjunction produces
two factorizations ofp, namely

p=¢e&, InA and ¢=¢ o1, inS-Mod,

with the morphismsg, serving as counits (it °f), and the morphismg, := 1sx: X ——= SX
as units (inS-Mod). Units and counits are connected by the triangular eqesl{tvhich are
special cases of the factorization)

&'85)( = 1sx in ¢ and 8; ol = 1; in S-Mod.

Definition 2.1. We call the monad S o&” modular if

1. S-Mod carries the structure of a quantaloid, that is: evdrgm-set carries the structure
of a complete lattice, such that composition in\Bod from either side preserves arbitrary
suprema;

2. for every morphism f X —= Y in.#¢", f*: Y ——= X has a left adjoint in th&-category
S-Mod, thatis: there exists,f X ——=Y in S-Mod with 1§ < f*o f, and f o f* < 1%;

3. there is an object E in#” with ¢ (E, E) = {1g} and

\/ X*OX*Z:I.;(

X: E-»X

forall X in 7.

For a modular mona8, we always fix the order that mak&sMod a quantaloid and assume
a fixed choice of the left adjoints and the distinguished objeEt in other words, modularity is
not considered as a property of the monad, but as a struatuite o

Example 2.2. For the power-set mona®®({-}, | J)) on Set when one considers maps Y ——
PX as relationsp: X ——= Y (by writing x ¢ y instead ofx € ¢(y)), P-Mod is simply the
categoryRel of sets and relations. Its hom-sets inherit the inclusiateoof power-sets, which
makesP- Mod a quantaloid. One takds: Y — PXto be the inverse-image function 6f X
——= Y in Set, and withE a singleton set, condition 3 of 2.1 amounts to the trivialesteent

AxeX:u=X&X=V) & u=V
for all u,v € X. Hence P is modular.

Example 2.3. Replacing the 2-element chain®X = 2% by an arbitrary fram&/, one general-
izes the previous example, as follows. FarX — Y in Set Py f: PyX = VX —= PyY be
left adjointtoV': V¥ —= VX, g——B-f; hence

P @) = \/ X,

xef-1(y)



foralla: X——=V,y €Y. The maps

x—2>PyX and  PyPyX —2>PyX

with dx(X)(X’) = T (the top element V) if x = X’ and.L (bottom) else, and with

@M="\ o) rax

aePy X

forall ©: VX —= V, x, X € X, give Py the structure of a monad. Usiriginstead ofPy,
we can describ®- Mod equivalently as the quantalo\d Rel of sets withV-valued relations
@: X —=Y as morphisms. Indeed, maps Y —= PX = VX correspond bijectively to maps
@: XxY —V, and composition ifP- Mod becomes the ordinary composition éfvalued
relations: . N N

Yop(x?=op)(x2=\/ Iy AdxY)

yeY

fory:Y —= Z, X € X,z € Z. The left adjointf, of f* for f: X — Y is obtained by
interchanging variables:

M) =79y =T

if f(X) =y, andL else. Condition 3 of 2.1 is, as in the cage= 2, trivially satisfied also in
general. Consequentll,= Py is a modular monad o8et

Example 2.4. Let V be a unital quantale<(one-object quantaloid), i.e. a complete lattice with
a binary associative operati@anand a neutral elemeftsuch that® preserves suprema in each
variable. (Every framé/ as in 2.3 is a quantale, with = A, k = T.) The category/- Cat

of (small) V-categories an¥-functors has as objects setavhich come with a functiorX x X
——=V (whose value onx, y) we denote byX(x,y)) such that

k < X(x, X) and  X(Y,2 ® X(xY) < X(X, 2);

morphismsf : X —— Y satisfy X(x, y) < Y(f(x), f(y)), for all x,y,z € V. The quantal/ itself
is aV-category, with th&/-category structur¥ (v, w) = v — w given by its own “internal hom”
defined by

ZSV—DoW & ZQVW

for all z v,w € V. MoreoverV- Cat has an “internal hom” with
X — Y =V-Cat(X,Y) and
(X = Y)(f,9) = \/ Y(F(), 9(¥).

xeX

When V is commutatiy¥- Cat is symmetric monoidal closed, witk® Y = X x Y and

(X@Y)((x.¥). (X.Y)) = X(x. X) @ Y(y.Y).

and one can also form the opposkKe® of a V-categoryX, with X°P(x,y) = X(y, X). Now, the
Yoneda embedding

px: X —=PyX = (X® - V),  x—=X(-,X),
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provides the unit of the presheaf mon&j (y, m) of V- Cat, as follows. WritingP instead ofP},,
for f: X——=Y, theV-functorP f: PX—— PYis defined by

PH@) = \/ Yy, Fe) @ax)
xeX
forall @ € PX,y € Y, and the monad multiplicatiomy : PPX——= PXis given by

my(Z)(X) = v (@) ® a(X).

aePX

We claim thatthe category PMod is precisely the category \Mod whose objects are V-cat-
egories, and whose morphisms X ——= Y are V-(bi)modules, also called V-distributors or
V-profunctors given by functiong: X x Y ——= V satisfying

Y(y1, ¥2) ® (X2, Y1) ® X(X1, X2) < ¢(X1, 2) (=)
for all x1, X2 € X, y1,¥2 € Y; composition withy: Y ——= Z is defined by
Wop)x2) = \/ vy, D ®p(xy). (x%)
yeY

Proor. Since §) is equivalent tap: X°° ® Y —— V being aV-functor we may as well think
of p as av-functorY —— PX, writing ¢(X, y) ase(y)(X). Hence, all we need to verify is that the
composition £¢x) in V- Mod coincides with the Kleisli composition ¢¥- Mod, i.e.,

\/ () (X) @ ¥(2)(y) = (mx-Pe-y)(D(X) (%)
yeY

forall o: Y —= PX, ¢: Z —= PYin V-Cat, x € X, z € Z. By the Yoneda Lemma the
left-hand side of £xx) may be rewritten and compared to the right-hand side, émel

\/ PX(x(9), () & ¥(2)¥) = (Pe)¥(@)(vx(¥)

yeY

< (Pe)W@)(mx() ® 9x(¥)(X)
< \/ POW@)(@) @ a(x)

aePX
= mx((P)(¥(2))(¥)-
For “>", since
(\/ @) — 6)(x)) ® a9 < (@) — )X ® () < e)X),
X exX
one has, for allr € PX,
(PO¥@)@) & a(¥) = \/ PX(@, ¢(¥)) @ ¥(2)(y) ® a(X)

yeY

< \/ e & ¥@W).

yeY

as desired. O



With suprema formed pointwise (as \f+ Rel of 2.3),V-Mod becomes a quantaloid, and it
is easy to check the remaining conditions to confirm #has modular by putting f.(y)(X) =
Y(f(x),y)forall xe X,yeY, f: X—=YinV-Cat.

Note that Example 2.3 is a special case of 2.4, by restri¢batiscrete \fcategories, i.e.,
sets.

In Section 4 we discuss an example showing that conditiosa2,2.1 do not follow from
condition 1 of 2.1.

3. Exhibiting Kleisli morphisms as V-modules

The following theorem shows that Example 2.4 exhibits thetgtypical modular monad,
and it justifies the module terminology for the morphismstekleisli category.

Theorem 3.1. Let S = (S, ¢, v) be a modular monad on a categopy’. Then there is a unital
guantale V and a functdr|: ¥ —— V-Cat that can be lifted to a full and faithful homomor-
phism|-|: S-Mod — V-Mod of quantaloids such that

S-Mod — 5 v-Mod

- )

HP > (V-Cat)P

[P
commutes.

Proor. The monoid structure of := S-Mod(E, E) = ¢ (E,SE) makesV a unital quantale
sinceS- Mod is a quantaloid. The hom-functp¥] = .7 (E, —) takes values itv- Cat if, for a
2 objectX, we put

IXI(x,y) =y o x.
for all x,y € |X|. Indeed, the adjunctions. 4 x* show theV-category laws foiX|, and for a
morphismf : X —— Y in J# one obtains th&-functoriality of | f| from

IXI(x.y) =y olyox. <y o f ofox <(fy) o(f-x).=YI(fI(x),fI(x)

for all x,y € |X|; here we used the fact that the local adjunctiéns f* compose, so that func-
toriality of (-)* produces a pseudofunctef): .# — S-Mod. Forg: X —> Y in S- Mod
one definegy|: | X| —= Y| in V- Mod by

lel(X,y) =y o po X

for x € |X], y € |Y[; V-modularity follows immediately from the local adjunct®nrAlso, forf: X
——=Yin.%,one has

190y, %) = X o £ oy = (£ o yu = YI(Y. IF10X) = [fI"(y. X).



for all x € [X], y € |Y|. Next we show that-|: S-Mod —— V-Mod preserves composition and
suprema. In fact, fog: Y ——= Z andx € |X|, z € |Z| one has:

|WO¢|(X,Z)=fO$01*Yo¢ox*
:Z*oz//o(\/y*oy*)osoox*

YelY|

= \/@ovoy)o opox)

el
= (Il o lel)(x. 2);

also, forgi: X —=Y (i € 1) andx € |X|,y € |Y|, one has:

‘\/""i'(x,)’) =y'o \/Qﬂi o X,

=\/yogmox

- (\/ el ox ).

Furthermore, since

p=1yopoli= \/ v.oyogoxox =\/y.olxyox,

xe[X].yelY| Xy

¢ is in fact determined bjy|, so that—|: S-Mod —— V- Maod is faithful. In order to show that
|-l is also full, given &/-moduleg¢: | X] — |Y|, one defines

¢i=\/ V.0 g(xy) o X
Xy

and obtains
|90|(X',y) = \/(y)* oy, o ¢(X, y) oxX* o (X')*
Y
= \/ IYI0.Y)  9(x ¥) o IXI(X, X
Xy
= ¢(X. ),

with the last equality arising from thé-modularity of¢. O

Remark 3.2. The 2-functol—|: S-Mod — V-Mod of 3.1 is not only full and faitful at the
1-cell level, but also at the 2-cell level, that is:

I-|: S-Mod(X,Y) —= V-Mod (X[, ]Y])
is an order-isomorphism, for all objec&Y in 7. Indeed, iflg| < |y| for ¢, : X —=Y, then
e=\/Vooldxy) o x < \/y.olpl(xy)o X = .
XY Xy
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Remark 3.3. For 7 = V-Cat with a commutative unital quantai andS = P}, = P as

in Example 2.4, the construction of Theorem 3.1 reprodubesgivenV as P-Mod(E, E) =

V- Cat(E, PE), with E the singletor\/-category that is neutral w.r.t. the tensor producve€at.
Indeed,V-functors —— (E°® — V) = V correspond to elements &, which produces an
isomorphisnV- Mod(E, E) = V of quantales. In fact, one also has (in the notation of|X[1¥ X

for everyV-categoryX, in particular|V| = V (asV-categories). Consequently, both horizontal
functors in the diagram of 3.1 become equivalences of caitego

Theorem 3.1 fiers two ways of making a category” which carries a modular monad into
an ordered category, by either declarjryg ¥ —— V- Cat to be full and faithful on 2-cells, or
(=)' : #°° — S-Mod; fortunately, the two options are equivalent.

Proposition 3.4. With the assumptions and notations of TheoBione hagf| < |g| in V-Cat
if, and only if, ¥ < g* in S-Mod, for all morphisms fg: X —Y in.¢".

Proor. By the definition of the 2-categorical structure\bfCat, |f| < |g| means
1g < IYI(FI(¥), 19I(X)) = X" o g" o f o X,
for all x € |X]. Consequently,

1 = \/X*OX*S \/X*ox*og*Of*ox*ox*sg*Of*
xe|X| XelX|
and, hencef* < g* by adjunction. The converse implication is obvious. |
Corollary 3.5. A category with a modular monad become-@ategory when one puts

f<gi=|fl<|lg & f"<qg".

This way all functors of the diagram & 1 become full and faithful o@-cells.

4. The Hausdodf monad

For a commutative unital quantalg let (H, {-}, | J) denote the Hausdfirmonad onv- Cat
which is a lifting of the power set monad 2.2 8étalong the forgetful functov- Cat —— Set
(see [1]). HenceH X = PX as sets, and

HX(A.B) = A\ \/ X(xy)

xeA yeB
= A X(x, A) —o X(x, B),

XeX

whereX(x, B) = \/yeg X(X,Y), forall A,B ¢ X, Xin V-Cat. An H-modulep: X ——= Yis a
V-functorp: Y —= HX, i.e.,¢ must satisfy

Y(.Y) < HX(e(y). e(¥))

forally,y €Y, thatis

Y(y.y) @ X(x, sogf)) < X% e(y))



for all x e X. Composition ofp with y: Y ——= Z is given by

Wor)@ = J ¢

yeu(?)

forall ze Z. Finally, forf: X ——=YinV-Cat, f*: Y ——= Xis given byf*(x) = {f(x)} for all
x e X.
We discuss two options for makirg- Mod into a quantaloid:

A. p<¢ = VyeY: oly) S,
B. eS¢ = VyeY: oY) < ¢'(y) (intheV-categoryHX),
e VyeY: k< HX(e(y), ¢’ ()

for ¢,¢’: X ——=Yin H-Mod.

Of course, <" fails to be separated in general, but this is not esserntél, Definition 2.1
may be relaxed by dropping the antisymmetry requirementtferattice structure of the hom-
sets, without any detrimentalfect on the subsequent theory; howewee Remark.3 below
With this proviso we may state:

Proposition 4.1. H- Mod becomes a quantaloid under both ordetsand <.

Proor. Forgj: X ——=Y (i € 1) in H-Mod, ¢(y) := Ui ¢i(y) defines a supremum under either
order, which is easily seen to be preserved by compositi¢i+iMod from both sides. O

The principal dfference of the two structures is exhibited when we look at tderanduced
onV-Cat by (-)*: V- Cat—— H-Mod (see 3.4): forf, f": X——Y in V- Cat one has:

A. f"<g" = V¥xeX: {(f}c{g¥)} = f=g

B. f*<g" = V¥xeX: k<X(f(X),9(x) < f<g (inV-Cat).
Briefly, (-)* induces the discrete order &f Cat under option A, and the “natural” order under

option B.
Assume now that*: Y ——= X has a left adjoinf.: X ——=Y in H-Mod. Since

(fre £)(9 = £.(f(x),  (f. o £)(y) = F(£.(¥))
forall x € X,y € Y, under option A the adjointness conditions amount to
x € f.(f(X) and  f.(y) € fX(y),

forall x e X,y € Y. In addition,V-functoriality of f.: Y —= HX implies

Yyy) <\ X(xx) ()

X ef.(y)

forally e Y, x € f.(y). In caseV = 2, so thatV- Cat = Ord is the category of (pre)ordered sets
and monotone maps, these conditions farcéX — Y to have an up-closed image: whenever
f(x) <y, theny = f(xX) for somex’ > x. But monotonicity off does not guarantee its image
to be up-closed.
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Under option B the adjointness conditions are equivalatlscribed by
k< X(x L.(f(x)) and  f.(y)SixeX|f()<y)
forall x e X,y € Y. These conditions are trivially satisfied if, converselg mow definef, by
f(y) = {xe X[ f(x) <y} = {xe X| k< X(f(¥).y)]

forally € Y. In caseV = 2, f, satisfies also the (quite restrictivé}functoriality condition §).
In addition, condition 3 of 2.1 is trivially satisfied.
These findings may be expressed in terms of the ordinaryoakdtcompositior, as follows:

Proposition 4.2. The Hausdgf monad H onOrd (= 2- Cat) becomes modular if one orders
H-Mod(X,Y) by
PS¢ = ¢Cy¢ o(x),

but not when one uség < ¢’ < ¢ C ¢’). Here, a relationy from X to Y is an H-module if,
and only if,(<vy o ) C (¢ o <x). With E a singleton set, the functor

|-]: H-Mod — 2-Mod

of 3.1 assigns top the relationy o (<x); it makes the (pre)ordered sets Mod(X,Y) and
2-Mod(X,Y) equivalent (as categories), but not necessarily isomarphi

Here is the reason for this last statement:

Remark 4.3. Since< fails to be antisymmetric, in general the fundter H- Mod — 2-Mod
of 4.2 isnotnecessarily faithful (on 1-cells) but satisfies only

lel=l¢'| = ¢S & ¢ S¢.

However,|—-|: Ord —— Ord = 2-Cat of 3.1 is an equivalence of categories.

5. A functorial correspondence between modular monads andupntales
We describe the assigmedt—— V of Theorem 3.1 as a functor
A: MODMON —— Quant.

Here Quant has as objects unital quantales, and a morphisnV —— W must preserve
suprema and the monoid structure given by the tensor pro@het(very large) categoiODMON
has as objects categorig& equipped with a monal = (S, ¢, v), a distinguished objed in .7
and a fixed order that mak& Mod a quantaloid an& modular. A morphism

(F.a): (#,(S,&v),E)—=(Z,(T,n,1),D)

of modular monads consists of a functer 7 —— .¢ and a natural transformatian: FS
——= TF such thaFE = D, a-Fe& = nF, a-Fv = uF-Ta-aS, and the induced functor

(F,a): S-Mod — T-Mod
10



preserves suprema, i.e., is a morphism of quantaloids.tbtiality of

ax-Fo

(Fa): (X —£=Y)— (FX

FY)

is in fact guaranted by the preceding conditions, while @nestion of suprema amounts to the

condition
Q’X’F(\/ sﬂi) = \/(CYX'FSDi),

i i
forall ¢j: X ——=Y,i€l. NowA(F, @) is simply a hom-map of the functQ%:
A(F,@) := (F.a)ge: V = S-Mod(E, E) —> W = T-Mod (D, D),
which is indeed a morphism iQuant. Functoriality ofA follows from the easily checked fact
(G.A(F.0) = G.A)(F.a),
with (G,p8): (¥, T,D) — (.#,U,C) and
(G,B)(F, @) = (GF, BF-Ga)

in MODMON .
Calling a modular mona8 on 2" commutativef the quantaleA(.#", S, E) = S- Mod(E, E)
is commutative, one has the restricted functor

A: CMODMON —— CQuant

of commutative objects on both sides. Next we will show thedfple 2.4 provides the object
function of a functoi” in the opposite direction:

V—=TV = (V-Cat, P, Ey),

with Ey = E as in Remark 3.3. For a morphisin: V. —— W of commutative unital quan-
tales, one defines the morphigi® in CMODMON , as follows. First of all, without change of
notation we can regardi as a functor

V- Cat — W- Cat, X OX =X,
keeping underlying sets fixed and mapping structure®hy
(@X)(x.y) = D(X(x.Y)),
for all x,y € X. In fact,® may be (more generally) regarded as a functor

[ Dy

V-Mod —=W-Mod, (X Y) —= (®X DY),

with (@¢)(x,y) = @(p(x,y)) forall x e X,y € Y. One then has

o(f) = (@F)",  ©(f.) = (f).
11



forall f: X —— Y in V- Cat. We will show that the functo¥- Mod — W- Mod above is in
fact induced by a morphism

(‘D, ﬂ): (V_ Cat’ P\O/’ EV) - (W_ Cat’ PCV’ EW)’

as
(®,7): V-Mod = Py-Mod — W-Mod = Py,- Mod,

where nowd is regarded as a functf- Cat ——= W- Cat. In order to define the natural trans-
formation
n=n" OP, —= Py,
for aV-categoryX we let
ax: DX® —o V) —= ((PX)®® — W)

assign to every-functor @: X°® —— V the map & ——= ®(«a(X)). This map is indeed a
W-functor since

(@X)(X.y) = B(X(xY)) < D(fy) — a(X) < D(a(y)) — P(a(X)),

for all x,y € X. Moreoversyx is aW-functor since

o A\ e — ) < \ D9 — B¥) < /\ @) — PEX)),

XeX XeX XeX

for all a,8 € Py, X. While one immediately sees th@b, n) is indeed the functoy- Mod —
W- Mod described above, it is a bit more laborious to verify the rving requirements ford, )
being a morphism iMODMON , namely:

Lemma5.1. x: ®Py, — P}, @ is a natural transformation withr-®@y" = yW® and-dmY =
mWV-Pg Py

Proor. The commutativity of the diagrams

., P f=P f ) N
DPIX ———> DPY . DPS,X
DX=Yx
”Xl [”Y oX ——— -
. Dox ]
PROX — = PR 0Y P, X

is immediate, for allf : X —— Y in V- Cat:

Pif(x(@)) = \/ (Y(y, F(x))) & (a(x)

xeX

= o \/ Y 60 9 a(x)

XxeX
= 0Py f(a)(y)
= mv(Py f(@)(y),
mx(hx()(X) = BX(X', X)) = hax (X)(X),
12



forall x,x € X,y € Y, a € P}, X. For the commutativity of

TRy X Poy7x
OP;, Py X Py, ®Py X ——— P, Py, X
dmy=my Maox
OPy X - Py, @ X
letX € Py Py X andx € X; then
mx(mx(®) = ©(mx(Z)(X)
= CD( \/ () ®a(x))
aePg X
= \/ ()@ 0.
aePy X

On the other hand,
max(Phx(regx(2) = \/ Pomx(regx(2)(8) ® BX)

BeP;, X

=V Pu@X)(B.7x(a) ® ey x(2)(a) ® B(X)

BEPS, (OX) aeP X

- \/ <I>(Z(a))®( \/ P\'}v((DX)(IB,nX(a))(gIB(X)).

aePy X BeP;, (©X)
Hence, it sifices to show

\/ PU@X)(8 1x(@)) ® B(X) = D(a(¥));

BePy,(PX)

but
Po(DX)(B. mx(@)) ® B(X) < (B(X) — D(a(X)) ® B(X) < D(e(X))
for all 8 € P (®X), and forB := ®X(-, X) one has with the Yoneda Lemma

PW(@X)(B. mx(@)) ® B(X) = mx(@)(X) ® PX(X, X) > D(a(X)).
t

Since functoriality ofA follows immediately from the definitions, we are now readtmn-
marize what we have proved so far:

Theorem 5.2. There are functors

CQuant =————> CMODMON
A

with AT = 1.

The question to “which extent” this pair of functors is adjos discussed in the next section.
13



6. An adjunction between modular monads and quantales

For a commutative mona8l on .#~ with distiquished objecE we first revisit the functors
|-|: # —— V-Cat and|-|: S-Mod — V-Mod of 3.1 (withV = S-Mod(E, E)) and show:

Proposition 6.1. There is a natural transformatiop such that
is a morphism of monads wim =|-|: S-Mod — V-Mod.
Proor. ForXin .# one defines
¥x: ISH——=PyIX| = (X — V)
by yx(¢)(X) = p o x,, forallp € [SX = #(E,SX = S-Mod(X, E) andx € |X| = ' (E, X).
With y € |X| one has
x(@)(Y) o IXI(XY) =poy. oy oX <goX =yx(e)X)

and thenX|(x,y) < yx(@)(y) — vx(¢)(X), so thatyx(¢): |X|°P — V is indeed aV-functor.
In order to show thayy is aV-functor, we recall from Section 2 that thémoduley may be
written asy = ¢* o tx and, withy € |S X, we obtain:

ISH(g: ¥) 0 yx(@)(X) =¥ 0 0o X,

=y op.op oxoX

<Yt oo X,
= yx(¥(X)
for all x € [X|, hencdS X(¢, ¥) < PYIXI(yx(¥), yx(¥)). For f: X ——=Yin 27, the diagram
IS f|
ISX ISV
7><| |7Y
PyIX P PyIYI

commutes since for af € |S X andy € |Y| one has:

POITIx@)®) = \/ 7x(@)(X) © IYI(Y, 1109)

Xe|X|

= \/{p*OLxOX*O(f'X)*Oy*

xelX|
:(p*oon(\/ X*OX*)O f*oy.
Xe|X|
=g oo fioy,
— ¢ o (SN ooy
= (Sf¢) oryoy.
=v(S fo)(y)
= (yv'IS )(@)Y)-
14



Hence,y is a natural transformation. Finally, we must check thatftilowing diagram com-
mutes:

Py
ISSX—2 > PIS X ——— P3P IX|
[vxl mix|
ISX e P IX|
lex| Dix|
X

But for all x,y € |X| one has:
Yx(IexI())(Y) = (ex-X)* otx o Y. = X" 0§ otx 0 Y. = X" oY, = pix(X)(Y).
Furthermore, for alp € |S S Xandx € X one obtains:
x(xI(@)(X) = yx(vx-6)(X)
=0 oviouixoX

=6 " ouigxoix o X

¥elSX

Using the Yoneda Lemma one may rewrite
¢ oxox =@ = \/ PiXi(@ rx() o a(x),
aePg|X|

which then gives

N =\ \/ 0 0tsx0 6. 0 PYIXI(a, yx(9)) 0 (¥)
aePy|X| peS X

\/ Povx(rsx®)(@) o a(x)

aePSIX|

= myx( P yx (75 x(6)))(%).

O

For a commutative modular mon&lon .2~ with distiguished objecE and a commutative
unital quantalaV, from 5.2 and 6.1 one obtains the map

CQuant(A(#, S, E), W) —s CMODMON ((.%, S, E),TW)
O —TO-(|-|,y)

which, however, cannot be expected to be surjective, not aye to isomorphism”: for a mor-
phism F,a): (#,S,E) — (W-Cat, P}, Ew) to be in its imageF X must have underlying
set# (E, X), but one should allow for appropriate isomorphisms. Hemeemust restrict the
codomain of the above map appropriately.

15



Definition 6.2. (1) A morphism(F,a): (%, S, E) — (£, T, D) of modular monads isepre-
sentable if there is a natural isomorphism: ¢ (E, -) — £ (D, F-).

(2) A 2-céll 9: (F, @) —= (G, B) of morphismgF, a), (G,8): (#,S,E) — (£, T, D) of
modular monads is a natural transformatién F —— G with T6-a = 8-6S; (F, @) and (G, B)
areisomorphicif 6 can be chosen to be an isomorphism, i.e., ibglhre isomorphisms.

Remarks 6.3. (1) By the Yoneda Lemma, a natural transformatton? (E, -) —= 2 (D, F-)

is completely determined by a morphismD —— FE in &, astx(X) = Fxi forall x €
J (E, X). Since# (E, E) = {1g} andFE = D one sees thal «) is representable if, and only
if, the maps Ex: 7 (E, X) —= Z(FE, FX) are bijective for all objects X in?".

(2) A 2-cellg: (F,a) — (G,p) : (', S,E) — (£, T, D) induces a natural transforma-
tion 6*: (G,B) —— (F,a): S-Mod —— T-Maod with (6*)x = (6x)* for all objectX in 7.
Since.#(D,D) = .#(D,FE) = .#(D,GE) are singleton setgle = j-i"* is an isomorphism,
with the unique morphisms D — FE, j: D —= GE in .. Consequently, for every
v eV = S-Mod(E, E) one has a commutative diagram

Fo)w)

FE FE

%

GE

Ga)W

with the horizontal arrows therefore determining the sar®nent inW = T-Mod(D, D).
Consequently:if there is a2-cell (F,) — (G, ) of morphisms of modular monads, then
A(F, @) = A(G,B).

(3) For a 2-celb as above, from the naturality conditiég-Fx = Gx6g for all x € .7 (E, X)
and the fact thafe is the only morphism inZ(FE, GE) one derives immediatelyif the fam-
ily (FX)xgx; is jointly epic, then there is at most oecell (F, ) — (G,8). When F, @) is
representable andA, T, D) = T'W = (W- Cat, P, Ew) for a commutative unitale quantal,
the epi-condition is certainly satisfied since there is adiipn

Fex:  (E,X) — W-Cat(FE, FX) = FX.
(4) For any morphismK, «): (¢, S, E) — (¢, T, D) of modular monads one has
(Fa)(f)=(Ff) and  Ea)(f)=(Ff).,
for all morphismsf : X ——= Y in . Indeed,
(Fa)(f*) = ay-Fey-Ff = ney-Ff = (Ff)";
and since both i @)(f,) and € f), are left adjoint to F f)*, also the second claim holds.

We can now set up the categdRCMODMON whose objects are commutative modular
monads (as ilCMODMON ) but whose morphisms are isomorphism classes of reprdsdenta
morphisms E, @): (J#,S,E) — (¥, T, D); we denote the class oF(«) by [F,a]. By Re-
mark 6.3(2), the functor

A: RCMODMON —— CQuant, [F, a] ——= A(F, @),

is well defined, and we can now state:
16



Theorem 6.4. A has a full and faithful right adjoinT”. Hence,CQuant is equivalent to a full
reflective subcategory &8CMODMON .

Proor. With I' defined byd —— [®, %] (see Section 5) we must prove that every morphism
[F.a]: (#,S,E)—=TW = (W- Cat, Py, Ew)

in RCMODMON with a commutative unital quantal% factors as, o] = T'®-[|-|,y], with a
uniquely determined morphisi: V = A(%, S, E) — W of quantales. By Remark 6.3(2),
such® must necessarily satisfy

(@, 7)) = (F,a);
in particular, the diagram

V = S-Mod(E, E) —— V-Mod(|E|, |E])

o @
(Fao)ee

W- Mod(Ew, Ew) = W

must commute. In other words, up to trivial isomorphistss neccessarily givgnvbyE(Tz)E,E.
Conversely, for proving its existence, let us defineV —— W by ®(v) = (F, @)ge(v) for

all v € V (thus ignoring trivial bijections). Them is certainly a morphism of quantales (see

Section 5). Furthermore, denoting the underly®etfunctors ofV- Cat and byUy and Uy,

respectively, from the representability d¥, @) we obtain a natural isomorphism

UwF — #(E, -) = Uy|-| = Uw®|-],

with |-|: ¥ —— V-Cat and®: V-Cat —= W-Cat as in 3.1 and Section 5. We must
now lift this Setbased isomorphism toW- Cat-based isomorphism: F —— ®|-|. For ease
of computation, we may without loss of generality assume tha@Setbased isomorphism is
actually an identity; hencé& X has underlying set# (E, X), for all objectsX in .#", and we must
show thatFX and ®|X| have the sam&/-category structure. But for all,y € |X| = #(E, X)
one has with 6.3(4):

(DIXD(x,y) = D(XI(x. Y))
= Dy o x.)
= (F.a)(y") o (F.2)(x.)
= (Fy)" o (FX).
= (FX)(x. ).

Finally, in order to confirn® as a 2-cell F, @) —= I'®-(|—|, v), under the assumptich= 1 we
must show that the diagram

fI>yX=7x X
DS N — = O(PYIX|) —— P5,dX

FSX ®,FX

ax

17



commutes, for all objectX. To this end, let us first observe thag may be considered W-
moduleF X ——= FS X and as such is represented as

ax = (F,a)(w),

with tx: X —> S Xin S-Mod (see Section 2). Now, for ai € |S X andx € X, we obtain:

mx(yx(@)(X) = @(yx(¢)(X))
= O(po X,)
= d(p" o 1x 0 X)
= (F.a)(¢" o 1x 0 X.)
= (R a)(¢") o (F.a)(tx) o (F a)(x.)
= (Fg)" o ax o (Fx).
= ax(9)(X).

O

Remark 6.5. While MODMON carries the structure of a 2-category (see 6.2(2)), thesfutnt
of this structure is of limited interest for our purposes)c& A maps every 2-cell to an iden-
tity morphism: see 6.3(2). Likewise, the natural 2-catégrstructure ofCQuant, given by
ordering its hom-sets pointwise, is not helpful for our ppsps: if®,¥: V — W are mor-
phisms of commutative quantales witifv) < ¥(v) for all v € V, the natural transformatiait ©
— ¥ V- Cat — W- Cat with 6x = 1x (at theSetlevel) will in generalnotgive a 2-cell’'®
—TVY.
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